The relativistic Kepler problems in Dirac and Klein-Gordon forms are solved by dynamical group methods for particles having both electric and magnetic charges (dyons). The explicit forms of the 0(4, 2)-algebra and two special 0(2, I)-algebras (which coincide in the symmetry limit) are given, and a new group-theoretical form of the symmetry breaking is pointed out. The Klein-Gordon 0(2, I)-algebra also solves the dynamics in the case of very strong coupling constants (attractive singular potential), if the principal series of representations is used instead of the discrete series.
INTRODUCTION
It is well known by now that the nonrelativistic Schrodinger theory for the Kepler problem can be treated completely algebraically in an irreducible unitary representation of the dynamical group 0 (4, 2) . In the Appendix, to which we shall refer frequently, we give a new version of this treatment. It is also clear that the relativistic Kepler problem (Klein-Gordon and Dirac equations) does not have the 0(4)-symmetry of the nonrelativistic problem. If the two particles forming the atom have both electric and magnetic charges, then the 0(4)-symmetry is broken even in the nonrelativistic Kepler problem. The main purpose of this paper is to show the remarkable group-theoretical way the 0(4)-symmetry is broken in the above cases. All the above problems are actually exactly soluble, though some of these solutions have not yet been reported in the literature.
We hope also to demonstrate the power of the method of dynamical groups in solving these problems, including the strong coupling case.
For the ordinary relativistic Dirac problem, the correspondence between the bound-state spectrum and an 0(4, I)-representation was given by Kiefer and Fradkin 1 and Pratt and Jordan. 2 The spectrumcorrespondence is not the complete solution of the problem and the operators given in Ref. 1 are extremely complicated, because at that time the importance of the tilted states (see Appendix) was not recognized. The role of the 0(4)-symmetry of the relativistic hydrogen atom (no spins) in covariant theories based on the Bethe-Salpeter equation was studied in Refs. 3 and 4. Although the use of the dynamical group 0(2, 1) for the radial wave equation of the Klein-Gordon and second-order Dirac equations is also known, 5 the complete dynamical group has not been given before.
Early studies of the group property and solution of Thus the motivation to complete the study of the Kepler problem with magnetic charges is threefold:
(1) to give the solutions of the Schrodinger, KleinGordon, and Dirac forms of the Kepler problem in the case of particles with both electric and magnetic charges and to treat the case of the very large coupling constant;
(2) to exhibit the dynamical group 0(4, 2) for these cases and the nature of symmetry breaking, because the type of symmetry breaking may be applicable to other symmetry-breaking processes; (3) to have results applicable to the theory of strong interaction phenomena based on the concept of magnetic charges.
We should mention that the spin-orbit symmetry breaking of the relativistic atom has also been treated in the context of the covariant infinite-dimensional wave equations. In the spinless case, the relevant It will be convenient to treat Schrodinger, KleinGordon, and Dirac forms in a parallel fashion, as we go along.
We consider a particle with electric charge e and magnetic charge g, or simply with charge q = (e, g). The electromagnetic field is described by the vector From the spatial components of K" we find, as desired,
Because ullu". = 1, we obtain from (2.2)
Consequently,
This is the desired Hamiltonian in the Klein-Gordon form. To obtain the Hamiltonian in the Schrodinger form, we expand formally the square root and subtract the rest energy (physically this expansion is meaningful only if A is small because g is very large!) with the following result :
(2. 6) Finally, the Dirac form of the Hamiltonian is obtained by linearizing (2.5) with Dirac matrices:
We also give the second-order Dirac Hamiltonian
B. Two-Body System
Let the particle of charge ql = (el' gl) move now in the field of another particle of charge q2 = (e 2 , g2) situated at the origin and thought to be heavy. In Eqs. (2.5)-(2.8), we replace (e, g) by (e l , gl) and (in Gaussian units) let
where il is an arbitrary unit vector. D(r) has the desired property V x D(r) = i/r2. We then obtain, with the
the Hamiltonians 
C. The Dynamical Group 0(4,2) and the Two 0(2, 1)-Algebras
Consider the following generalized operators which reduce to those of the usual hydrogen atom, (AI) and (AI4), in the special case", = 0:
T=r·7t-i.
(2.14)
These operators also satisfy the commutation relations of the For,u = 0, we recover the Balmer formula. For fixed ,u :;!: 0, we see from the 0(4,2)-representation (2.14)-(2.17) that again, for each n(fo), the range ofj is j:I,uI, l,ul + 1, l,ul + 2,'" n -1, (2.25) which completes the specification of the spectrum. 15 In the case of the Klein-Gordon Hamiltonian, the 0(4,2)-representation (2.14) remains the same. But instead of (2.18), we see that r~ = t(r7T 2 + r -oc 2 /r), r; = !(r7T 2 -r -oc 2 /r), ( 
2.26) T'= T
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(2.27)
The Lie algebra (2.26) solves the square of H(KGl given in (2.13) in the sense that From (2.27), the spectrum of r~ is given by
s=0,1,2,···.
Hence, the energy spectrum becomes
Finally, in the case of the second-order Dirac equation, we introduce instead of (2.26) the 0(2, I)-algebra For the Dirac Hamiltonian (2.13), we get then from the second-order equation .37) i.e., the same equation as (2.28). Thus we can immediately write down the energy spectrum in analogy to the previous case: If (,(2 is large, however, as is the case for magnetic charges, (rt = 137/4 instead of 1/137 for ordinary atoms !)12 we must use for cp' a value corresponding to the principal series of representations
In the case of the Klein-Gordon equation, for example, from Eq. (2.27) Q'2 = J2 _ ft2 _ (,(2, and we obtain (2.40) Note that j now denotes the total angular momentum Thus we have a particular representation in the of the spin-t particle in the atom. The eigenvalues of principal series.
In the case of the principal series of representations of the Lie algebra of 0(2, 1), the spectrum of r 0 ranges from -00 to + 00, i.e., it is not bounded below. 
The new quantum number is fixed within the 0(2, 1)-subgroup; it can be determined only within the representation of the big group 0(4, 2). The physical reason for the drastic change in the case of a large coupling constant for relativistic equations is that we now have a large attractive singular potential at r = O. In the case of attractive singular potentials we cannot use the usual boundary conditions of the Schrodinger treatment; the solutions form an overcomplete set, and one needs indeed a new quantum number to characterize the problem completely.17 
can be solved as follows. Let 
The states <1> must be normalized as follows,
and are not identical with the Schrodinger wavefunctions 'If. The physical normalized solutions of (A5) are then In an irreducible representation of SO (4, 2) , for eachj = 0, 1,2,3,'" we haven =j + l,j + 2,···.
Or,foreachn = 1,2," 'wehaveI= 0,1,'" n -1. The energy levels depend only on n 2 , which is the basis of the O(4)-symmetry. 
INTRODUCTION
The representation theory of the SL(2, C) group is of great importance in physics, and a lot of work has been devoted to construct its representations explicitly. It is, however, surprising that attention has hardly been paid to constructing and investigating them in an explicitly "analytically continuable" form. We mean the following: The representations of the SL(2, C) group are usually given in an SU(2) , SU(1, 1), or E(2) basis, i.e., the representation space is given as a direct sum (integral) of subspaces invariant with respect to the little groups of the 4-vectors (l, 0, 0, 0), (1,0,0, 1), and (0,0,0, 1), respectively. Physical theories, which postulate analyticity requirements together with Lorentz invariance, necessitate the construction of SL(2, C) representations over such spaces, which are split into subspaces invariant with respect to the little group of an appropriately chosen 4·vector, e.g., p" = O(l + v), 0, 0, iO -v». Its length p! = v is kept a free parameter. Moreover, we want the representations to be analytic in this variable v in the sense that the split of the representation space into irreducible subspaces changes smoothly when we vary the value of this parameter.
In this paper we will explicitly construct the basis states for such representations. We shall apply a standard procedure. 1 This method consists first of choosing a subgroup which one wants to be diagonal in the basis to be constructed and second of determining the eigenfunctions of the Casimir operator of this subgroup.
For this purpose, we must obviously specify such a subgroup of SL(2, C) which, depending on the value of a suitable parameter, becomes deformed from SU(2) through E(2} to SU(1, 1) . Then one must determine the representation matrix elements of this group, which is the second point of the previous program above. These problems have already been treated 2 • 3 but without embedding this group into SL(2, C). [The term "interpolating group (IG)" was introduced for this group3; we are going to use it in this paper as well.]
After having constructed the basis with the above specified properties in the SL(2, C) representation space, we naturally examine the matrix elements of finite SL(2, C) transformations and the problem of the transformation coefficients between different basis sets. 4 Here we give them only in integral forms, as the explicit calculations can be found in a separate paper.s
In Sec. 2, we shall summarize the results of the
